Translational Symmetry & 2D Lattices

Crystals are made up of atoms or groups of atoms repeated regularly in three dimensions.
As we will see the structure of a crystal (how are the atoms arranged with respect to each other, bond distances, bond angles, etc.) strongly influences the physical properties of a compound.  Therefore, it is not surprising that determination and description of crystal structures is an integral part of solid state chemistry.  Considering the extremely large number of atoms present in even a tiny crystal, it is completely impractical to determine the individual positions of each atom in the crystal.  Fortunately this is not necessary due to the high degree of symmetry present in a crystal.  Instead we need only determine the positions of the atoms in the basic repeat unit (the unit cell) and the vectors describing the repeat distance (lattice).  To better understand these concepts we will begin by considering symmetry in two dimensions.

Let’s start with some definitions:

Lattice ( An infinite array of points in space, in which each point has identical surroundings to all of the other lattice points.

Translation Vectors ( Beginning with a single lattice point, all of the other lattice points in the array can be generated by shifting the lattice point by the translation vector.  In 2D two translation vectors are needed (three are needed in 3D) to completely describe the position of any lattice point from the lattice point at the origin:

tn  =  n1a  +  n2b
where a and b are the translation vectors, and n1 and n2 are integers.

Unit Cell ( The region of space (a parallelogram in 2D or a parallelepiped in 3D), which when translated by the translation vectors fills all space.  The dimensions of the unit cell are defined by the translation vectors. 

Note that a lattice point is not a physical object, it is simply a point in space upon which a real object may be placed.  That object may be an atom or a molecule, or a can of beer for that matter. 

By definition we must arrange the unit cells (tile) together in such a way as to fill all space.  This requirement restricts the possible shapes the unit can adopt. 

Lattice
Unit Cell Dimensions
Tiling Shape

Oblique
a ( b,    ( 90(
Rhombus

Primitive Rectangular
a ( b,    = 90(
Rectangle

Centered Rectangular
a ( b,    = 90(
[a = b,    ( 90(]
Rectangle

[Rhombus]

Square
a = b,    = 90(
Square

Hexagonal
a = b,    = 120(
Hexagon, Triangle

It is not possible to fill space by tiling identical pentagons, heptagons, octagons or any other polygon, other than the ones listed above.

The centered rectangular lattice deserves additional comment, because there are two ways to draw the unit cell.  If you draw the unit cell as a rhombus (a = b,  ( 90(), as suggested above, it contains one lattice point per unit cell.  An alternative description would be to draw the unit cell as a rectangle, which contains a lattice point at each corner of the unit cell and one in the center of the unit cell (for a total of two lattice points per unit cell and an area twice that of the rhombus unit cell).  The rhombus unit cell is called a primitive unit cell, while the rectangular one is called a centered unit cell.  In practice the latter description is generally easier to work with, since it involves translation vectors which are at right angles to each other.

Primitive Unit Cell ( A unit cell which contains a single lattice point (keep in mind that in 2D a lattice point at the corner is shared by four unit cells so it only counts as ¼ lattice point for each unit cell).

You can draw centered lattices for the other 2D lattices but with the exception of a rectangular lattice the unit cell can always be redrawn as a primitive unit cell, without losing any symmetry (see page 357 in Cotton):

Centered Oblique Lattice ( Primitive Oblique Lattice

Centered Square Lattice ( Primitive Square Lattice

Centered Hexagonal Lattice ( Primitive Rectangular Lattice*
*Note that if you put a lattice point in the center of a hexagonal unit cell, it actually destroys the hexagonal symmetry of the lattice, leading to a rectangular lattice.

Point Symmetry Elements and Operations
Lets start by defining symmetry elements and operations:

Symmetry Operation (SO) – The motion of an object into a position that cannot be distinguished from its original position.

Symmetry Element (SE) – The geometrical entity, point, line or plane, about which a symmetry operation takes place.

We have already discussed translational symmetry.  Now we will consider the point symmetry operations.  These are the symmetry elements and operations which can be used to describe the symmetry of non-repeating objects (such as molecules).  Consequently, they are commonly used by chemists, but not other condensed matter scientists.
There are two notations used to denote symmetry elements and operations.  Schoenflies notation is commonly used to describe molecular symmetry and may well be more familiar to you.  Herman-Mauguin notation is more appropriate for describing extended arrays.  Therefore, it is favored by crystallographers.  We will use Herman-Mauguin notation in this class, but the Schoenflies symbolism is included below as an aid those who are familiar with it.

There are 6 classes of symmetry operations, which are needed to describe the point symmetry of an object.  The symmetry elements are given in parentheses:

· Identity 

· Rotation (Rotation Axis)

· Reflection (Mirror Plane)

· Inversion (Inversion Point)

· Improper Rotation (rotoinversion or rotoreflection axis)

In addition there are two symmetry operations which result from the combination of a point symmetry operation and a translation.

· Glide Reflection (Glide plane)

· Screw Rotation (Screw axis)

We will briefly discuss glide planes here, but we will defer the description and details of screw axes as well as many details of glide planes until our discussion of 3D symmetry.

1. Identity (Identity)

The identity operation leaves an object exactly as is.  Therefore, the identity operation is always present, but of little practical consequence.  However, it is necessary to satisfy the mathematical properties of group theory.  We will not consider the identity operation further. 

2. Rotation (SE = Rotation Axis)

An N-fold rotation axis corresponds to a 360/N( rotation about the given axis.

In crystals the following rotation axes can occur :

N
Herman-Mauguin

Symbol
Schoenflies

Symbol

1
1
C1

2
2
C2

3
3
C3

4
4
C4

6
6
C6

3. Reflection Plane (SE = Mirror plane)

Reflection through a mirror plane.

Herman-Mauguin Symbol = m

Schoenflies Symbol = Cs
4. Inversion (SE = Inversion center, center of symmetry)

Reflection through a point.

Herman-Mauguin Symbol = (1
Schoenflies Symbol = Ci
5. Improper Rotation (SE = Rotoinversion axis/Rotoreflection axis)

Improper rotations are composite symmetry operations, that is they consist of two symmetry operations performed in succession.  The improper rotation is treated differently in the Herman-Mauguin and Schoenflies systems.

Roto-inversion (Herman-Mauguin)

An N-fold roto-inversion operation consists first of a 360/N( rotation about the given improper rotation axis, followed by inversion through a point on the axis.

Roto-reflection (Schoenflies)

An N-fold roto-reflection operation consists first of a 360/N( rotation about the given improper rotation axis, followed by reflection through a plane perpendicular to the axis.

At first it might seem as though the roto-inversion and roto-reflection operations were two distinct type of symmetry operations.  However, there is a one to one correlation between the two, as shown in the table below:

N
Herman-Mauguin

Symbol
Schoenflies 

Symbol

1
(1
Ci

2
(2 (m)
Cs

3
(3
S6

4
(4
S4

6
(6
S3

6. Glide Reflection (SE = Glide Plane)

Like improper rotation axes, glide planes are composite symmetry elements formed by combining the reflection operation and a translation.

In 2D there is only one type of glide plane.  It consists of reflection through a mirror plane followed by a displacement by ½ unit cell parallel to the glide plane.  We will see other types of glide planes when we discuss symmetry in 3D.

2D Space Group and Point Group Symmetry
If we now combine translational lattice symmetry with the symmetry elements discussed above we can completely describe the symmetry of 2D arrays and crystals (surfaces).  As we will see only certain symmetry elements are compatible with each class of translational symmetry (if the wrong combinations are used the requirement that all lattice points have identical surroundings is violated).  Once again we begin by defining some terms:

Crystal Class ( Defined by the symmetry elements present in the lattice, this in turn dictates the shape of the unit cell.  In 2D there are four crystal classes: oblique, rectangular, cubic and hexagonal.

Bravais Lattice ( Describes the pure translational symmetry of the lattice.  In essence by specifying the Bravais lattice, you specify the shape of the unit cell (crystal class) and the centering conditions.  All 2D periodic lattices belong to one of five five Bravais lattices: primitive oblique, primitive rectangular, centered rectangular, primitive cubic and primitive hexagonal.

Point Group ( Describes the non-translational symmetry elements present (including glide planes).  In 2D there are 15 point groups.

Space Group ( Describes the complete symmetry of the array.  Formed by combining the symmetry of the Bravais lattice and the point group. In 2D there are 17 space groups.

Asymmetric Unit ( This is the smallest region of space that fills all space, when the complete set of symmetry operations (translational + point symmetry operations) of the space group are applied.  In crystallography the asymmetric unit may be a single atom or a group of atoms (including in some cases a molecule).

Crystal System
Bravais Lattice
Unit Cell Dimensions
Minimum Symmetry
Point Groups
Space Groups

Oblique
P-oblique
a ( b

 ( 90(
None


1, 2
p1, p2

Rectangular
P-rectangular
a ( b

 = 90(
Mirror or glide plane
m, g, 
mm, mg, gg
pm, pg, pmm, pmg, pgg

Rectangular
C-rectangular
a = b

 ( 90(
or

a ( b

 = 90(
Mirror or glide plane
m, mm
cm, cmm

Square
P-square
a = b,    = 90(
4-fold axis

4, 4m, 

4g
p4, p4m, p4g

Hexagonal
P-hexagonal
a = b,    = 120(
3-fold axis


3, 3m1,

31m, 
6, 6m
P3, p3m1, p31m, 

p6, p6m

The diagrams showing all of the symmetry elements for each of the 17 2D space groups can be found in the International Tables for Crystallography.  They are also reproduced in Cotton’s group theory book (pp 363-364).

Make note of a few properties of space groups, which apply not only in 2D but also in 3D:

The crystal class is defined by the minimum symmetry element present, not by the unit cell dimensions.  For example if there is a 4-fold axis present then the crystal class is square by definition (and the unit cell must have the dimensions of a square). However, it is possible for the unit cell to have the dimensions of a square (a=b and =90(), but the only symmetry elements present are a 2-fold rotation axis and a mirror plane.  In this case the crystal class is rectangular rather than cubic.

For many of the space groups you will note that there are more symmetry elements present than contained in the name of the space group.  However, using only the symmetry elements present in the name (i.e. the glide plane and 4-fold axis in p4g) all of the other symmetry elements can be generated.







